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ESTIMATES OF BUBBLING SOLUTIONS OF SU(3) TODA SYSTEMS
AT CRITICAL PARAMETERS-PART 1
LINA WU AND LEI ZHANG
ABSTRACT. For regular SU(3) Toda systems defined on Riemann surface, we
initiate the study of bubbling solutions if parameters (ρk1 ,ρ
k
2) are both tending
to critical positions: (ρk1 ,ρ
k
2)→ (4pi,4piN) or (4piN,4pi) (N > 0 is an integer).
We prove that there are at most three formations of bubbling profiles, and for
each formation we identify leading terms of ρk1 − 4pi and ρk2 − 4piN, locations
of blowup points and comparison of bubbling heights with sharp precision. The
results of this article will be used as substantial tools for a number of degree
counting theorems, critical point at infinity theory in the future.
1. INTRODUCTION
It is well known that a lot of models in various disciplines of sciences are de-
scribed by second order elliptic systems with exponential nonlinear terms. Among
all such systems and equations defined in two dimensional spaces, Toda system is
probably the most important one, as it has profound connections with nonabelian
gauge field in Chern-Simon’s gauge theory (see [15, 19, 36, 38] etc), the solution
of its reduced form represents metric with prescribed Gauss curvature with conic
singularities (see [2, 14, 16, 20, 35], etc). In this article we start from its simplest
form: SU(3)Toda system and study the behavior of bubbling solutions in a critical
situation.
Let (M,g) be a Riemann surface with vol(M) = 1 for convenience. The main
equation we consider in this article is
(1.1)


∆gu˜1+2ρ1(
h1e
u˜1∫
M h1e
u˜1
−1)−ρ2( h2eu˜2∫
M h2e
u˜2
−1) = 0,
∆gu˜2−ρ1( h1eu˜1∫
M h1e
u˜1
−1)+2ρ2( h2eu˜2∫
M h2e
u˜2
−1) = 0.
where ρ1,ρ2 > 0 are constants, h1, h2 are positive, smooth functions on M, ∆g is
Laplace-Beltrami operator (−∆g ≥ 0). The coefficient matrix in (1.1):(
2 −1
−1 2
)
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is the simplest Cartan matrix, which has its more general form K as
(1.2) K =


2 −1 0 ... 0
−1 2 −1 ... 0
...
...
...
0 ... −1 2 −1
0 ... 0 −1 2

 .
The research of Toda systems has sustained over half an century of intensive and
extensive investigations and the new results coming from different groups, new in-
spirations ignited by various perspectively, still make the whole field as dynamic
as ever. It is simply impossible to list all the important references in any rea-
sonable manner, so we focus on its connections with holomorphic curves in CPn,
flat SU(n+1) connection, complete integrability and harmonic sequences etc, the
interested readers may look into [5],[6],[7],[12],[13],[18],[23],[28], etc for more
exquisite presentations in many directions.
The variational form of the more general system of n−equations is
Jρ(u˜) =
1
2
∫
M
n
∑
i, j=1
ki j∇gu˜i∇gu˜ jdVg−
n
∑
i=1
ρi log
∫
M
hie
u˜idVg,
where (ki j)n×n is the inverse of the Cartan matrix, u˜ = (u˜1, ..., u˜n) ∈ ˚H1(M), which
is defined as
˚H1(M) := {v ∈ L2(M); ∇v ∈ L2(M),and
∫
M
vdVg = 0}.
Note that the integral equal to 0 assumption is due to that fact that adding any
constant vector to a solution of (1.1) gives rise to another solution. That said, we
normalize the solution and write the system in an equivalent form: Let
ui = u˜i− log
∫
M
hie
u˜idVg, i= 1,2,
then we have
(1.3)
∫
M
hie
ui = 1, i= 1,2.
and the main system becomes
(1.4)


∆gu1+2ρ1h1e
u1 −ρ2h2eu2 = 2ρ1−ρ2,
∆gu2−ρ1h1eu1 +2ρ2h2eu2 = 2ρ2−ρ1.
Here we recall that
(1.5) h1,h2 are positive smooth functions onM.
Many times we shall use the Green’s function corresponding to −∆g:
−∆gG(p,y) = δp−1, in M,
and in a neighborhood of x we shall use
(1.6) G(x,y) =− 1
2pi
log |x− y|+β (x,y).
SU(3) TODA SYSTEM 3
In a recent important work [27] a priori estimates for all singular rank 2 Toda
systems have been obtained, which laid down the foundation for a program of de-
gree counting for all rank 2 systems. In particular for SU(3) regular Toda systems,
a prior estimate holds as long as ρ1 and ρ2 are not multiples of 4pi . This means
for 4pim < ρ1 < 4pi(m+ 1), 4piN < ρ2 < 4pi(N + 1), there should be a topolog-
ical degree that only depends on m,N and the genus of the manifold M. On the
other hand, it is crucial to understand the asymptotic behavior of bubbling solu-
tions when (ρ1,ρ2) tends to the grid points (4pim,4pin). A lot of work on blowup
analysis and degree counting has been done when one of ρki s crosses a multiple of
4pi while the other stays away from 4piN (see [21, 22] for example). In this article
we initiate a direct attack to the study of bubbling solutions when both parameters
are tending to critical positions. The study of this case is also closely related to
theory of “critical point at infinity” of Bahri-Coron [3, 4], the study of which will
be carried out in forthcoming works.
Let uk = (uk1,u
k
2) be a sequence of blowup solutions, we use λ
k
i to denote the
maximum of uki on M for i= 1,2 and we assume
(1.7) λ ki → ∞, for i= 1,2, e−λ
k
i /4λ kj → 0, i 6= j.
Note that uk1 and u
k
2 may not tend to infinity at the same point. We say p a blow up
point of uk if there is a sequence of points xk → p such that
max{uk1(xk),uk2(xk)} → ∞.
The last inequality in (1.7) is for convenience and is not a problem in applications.
Also throughout the paper we don’t distinguish sequences and subsequences.
One main feature of Toda system, as well as many second order elliptic equa-
tions/systems with exponential terms, is the concentration phenomenon. A scaling
of the system does not change the equations much, which implies that a profile of
a global solution can be found in a small neighborhood of a blowup point. Since
we require one parameter to tend to 4pi , it rules out the possibilities of fully bub-
bling profile for the whole system, which means around each bubbling disk, only
the profile of a global solution for ONE equation occurs. One major difficulty in
analysis is when multiple bubbling disks all tend to one blowup point. Here we
invoke the following definition of (σ1(p),σ2(p)) in [25]: suppose p is a blowup
point,
σi(p) =
1
2pi
lim
δ→0
lim
k→∞
∫
B(p,δ )
ρki hie
uk1 , i= 1,2.
Note that the limit of k → ∞ is taken first, the second layer limit: limδ→0 is of
secondary importance. For regular SU(3) Toda system all the possible formations
are
(2,0),(0,2),(2,4),(4,2),(4,4).
Since we require ρk1 → 4pi , if p is a blowup point of uk1, the only possible formations
are (2,0) or (2,4). It has been proved in [34] that it is possible to construct a
sequence of bubbling solutions uk = (uk1,u
k
2) such that u
k
1 and u
k
2 have a common
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blowup point qk and around qk, the following spherical Harnack inequality holds
for uk2:
(1.8) uk2(x)+2log |x−qk| ≤C, in B(qk,τ).
and if the system is scaled according to the maximum of uk2 around q
k, the scaled
functions of uk2 converge to
∆v2+2 lim
k→∞
hk2(q
k)ev2 = 4piδ0, in R
2,
∫
R2
lim
k→∞
hk2(q
k)ev2 < ∞.
On the other hand for the blowup type (2,4), Ao-Wang [1] constructed uk =(uk1,u
k
2)
such that uk1 and u
k
2 have a common blowup point, q
k is a local maximum of uk1 and
uk2 has two local blowup points p
k
1, p
k
2 such that
(1.9) lim
k→∞
pk1− pk2
δk
= 2 lim
k→∞
(pk1−qk)/δk, δk = |pk1−qk| → 0.
and
(1.10) uk2(p
k
i )+2log |x−qk| → ∞, i= 1,2.
The main contribution of this article is to completely describe the profile of bub-
bling solutions when (ρk1 ,ρ
k
2)→ (4pi,4piN). Our first conclusion is about possible
formations of bubbling profiles, which says the two cases of bubbling collisions
constructed in [34, 1] are the only two possible cases:
Theorem 1.1. Let uk = (uk1,u
k
2) be a sequence of solutions of (1.4) that satisfies
(1.7), (1.3) and (1.5). If (ρk1 ,ρ
k
2)→ (4pi,4Npi) for some N ∈ N and N ≥ 2, there
are only three possible formations of bubbling solutions:
(1) qk → q, pkl → pl, for l = 1, ...,N where q, p1, ..., pN are N + 1 distinct
points, qk is a local maximum of uk1, p
k
l s are local maximums of u
k
2.
(2) uk1 has one blowup point q, u
k
2 has N− 1 blowup points: q, p3, .., pN . For
τ > 0 small, (1.8) holds for uk2.
(3) uk1 has one blowup point q, u
k
2 has N− 1 blowup points q, p3, ..., pN . In a
small neighborhood of q that excludes other blowup points, there are two
local maximums of uk2 (denoted as p
k
1, p
k
2) and one local maximum of u
k
1
denoted as qk, (1.9) and (1.10) hold for pk1, p
k
2,q
k.
We shall use cases 1,2,3 to describe the three alternatives in Theorem 1.1. Case
one is an obvious possibility, case two and case three were constructed in [34] and
[1] respectively.
Before stating the next result we fix some notations: we use λ k2,q to denote the
maximum of uk2 in B(q
k,τ) where q = limk→∞ qk is a common blowup point of uk1
and uk2, q
k is a local maximum of uk1, K(q
k) stands for the Gauss curvature at qk.
In case three we use δk to denote the distance between p
k
1 and q
k, finally we use
∇1G(x,y) to denote the differentiation with respect to the first component of G(·, ·).
For ρk2 → 4pi or 8pi we have the following results.
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Theorem 1.2. Let uk = (uk1,u
k
2) be a sequence of solutions of (1.4) that satisfies
(1.7), (1.3) and (1.5). If (ρk1 ,ρ
k
2)→ (4pi,4pi), uk1 and uk2 each has one blowup point
and these two points are distinct.
In other words, only case one occurs for (ρk1 ,ρ
k
2)→ (4pi,4pi).
The following two theorems state simple situations for (ρk1 ,ρ
k
2)→ (4pi,8pi), the
proofs of which are based on the main estimates for case two and case three in
more general situations afterwards.
Theorem 1.3. Let uk = (uk1,u
k
2) be a sequence of solutions of (1.4) that satisfies
(1.7), (1.3) and (1.5). Suppose ρk1 → 4pi from below, and ρk2 → 8pi . If ∇(logh1+
2logh2)(q)+ 24pi∇1β (q,q) 6= 0 on M, then uk1 has one blowup point, uk2 has two
blowup points and these three points are all distinct.
If we don’t assume ρk1 to tend to 4pi from below, we have
Theorem 1.4. Let uk = (uk1,u
k
2) be a sequence of solutions of (1.4) that satisfies
(1.7), (1.3) and (1.5). Suppose (ρk1 ,ρ
k
2)→ (4pi,8pi) and limk→∞ λ k1/λ k2 < 4/3. If
∇(logh1+ 2logh2)(q)+ 24pi∇1β (q,q) 6= 0 on M, then uk1 has one blowup point,
uk2 has two blowup points and these three points are all distinct.
Our other main results include sharp estimates of the profile of bubbling solu-
tions: Their pointwise estimate, location of blowup points, comparison of heights
for each case. The readers are referred to each of the following sections for detailed
statements. The main theorems in these sections provide crucial information about
bubble interaction in terms of their heights, locations and proximity to threshold
values. Just like in the single equation case, these results will play an important role
in the construction of bubbles and the derivation of corresponding degree counting
theorems. Even in the critical case (ρ1,ρ2) = (4pi,4piN), the results in this article
are useful in the application of critical point at infinity. We will continue to carry
out all the related theories in the future.
One major analytical difficulty related to Toda system is that maximum prin-
ciples fail miserably. In this article we take advantage of the Harnack inequality
proved in [25] and analyze the behavior of solutions using their spherical averages.
At one point we need to approximate bubbling solutions accurately by global solu-
tions. Since solutions to Toda systems may not have any symmetry, we use some
key ideas in [26] to achieve this goal. In addition, many standard results for single
Liouville equations will be used to obtain precise error estimates.
The organization of this article is as follows: In section two, all the estimates
for case one are derived based on results for single equation. Then in section three
we analyze the formation of bubbling coalition and then derive all the estimates for
case three. Here the local maximums of uk1 and u
k
2 are proved to be on a line. As far
as know this is the first time such an estimate has been proved for Toda system. In
section four all the estimates for case two are established. One crucial ingredient
in the proof of this section is a precise estimate for bubbling approximation, which
depends heavily on the key idea in [26] for defeating the lack of symmetry and the
non-degeneracy of the linearized Toda system established in [28]. Finally we put
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the proofs of the theorems in the introduction in section five and explained the key
idea in [26] for the simplest case in the appendix.
Notation: We use B(p,r) to denote the ball with radius r with center p. If p is
the origin we sometimes use Br instead of B(0,r).
2. CASE ONE
First we recall that case one means the only blowup point of uk1 is a not a blowup
point of uk2. Thus there are N+ 1 blowup points all together. In this case we use
the results of single Liouville equation to prove the following main result:
Theorem 2.1. Let uk = (uk1,u
k
2) be a sequence of solutions of (1.4) that satisfies
(1.7), (1.3) and (1.5). If (ρk1 ,ρ
k
2)→ (4pi,4Npi) and the situation described in case
one of Theorem 1.1 occurs, we have
ρk1 −4pi = 2
∆(logh1)(q
k)−2K(qk)+4piN−8pi
h1(qk)
e−λ
k
1 λ k1 +O(e
−λ k1 )+O(e−λ
k
2 ),
where qk is a local maximum of uk1,
ρk2−4piN = 2
N
∑
l=1
e
−λ k2,lλ k2,l(
∆(logh2)(p
k
l )−2K(pkl )+8Npi−4pi
Nh2(p
k
l )
)+O(e−λ
k
1 )+O(e−λ
k
2 ),
where pkl ( l = 1, ...,N) are local maximum points of u
k
2. The locations of q
k,
pk1,...,p
k
N are related by
∇(logh1)(q
k)−4pi
N
∑
l=1
∇1G(q
k, pkl )+8pi∇1β (q
k,qk)
= O(λ k1 e
−λ k1 )+O(λ k2e
−λ k2 )
∇(logh2)(p
k
l )−4pi∇1G(pkl ,qk)+8pi
N
∑
s 6=l,s=1
∇1G(p
k
l , p
k
s)+8pi∇1β (p
k
l , p
k
l )
= O(λ k1 e
−λ k1 )+O(λ k2e
−λ k2 ), l = 1, ...,N.
The comparison of the magnitudes of uk2 at each blowup is stated as
λ k2,l +8piβ (p
k
l , p
k
l )+8pi ∑
m 6=l
G(pkl , p
k
m)−12piG(pkl ,qk)+2logh2(pkl )
= λ k2,s+8piβ (p
k
s , p
k
s)+8pi ∑
m 6=s
G(pks , p
k
m)−12piG(pks ,qk)+2logh2(pks)
+O(λ k2λ
k
2 e
−λ k2 )+O(λ k2e
−λ k1 ), for l 6= s.
Here we note that in case one there is no direct relation between λ k1 and λ
k
2 . This
phenomenon changes in case two and case three.
In order to prove those estimates in Theorem 1.1 we need to focus on one equa-
tion frequently. We first apply the following standard procedure to single out one
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equation near a blowup point: Suppose q is a blowup point of uk1 and not a blowup
point of uk2, we let
f k2 (x) =−
∫
M
G(x,y)ρk2h2e
uk2dVg(y)
be a solution of
∆g f
k
2 = ρ
k
2(h2e
uk2−1), in M.
Using f k2 we can remove u
k
2 from the equation for u
k
1:
(2.1) ∆g(u
k
1− f k2 )+2ρk1h1eu
k
1 = 2ρk1 , in M.
Now we use ds2 = eφ |dx|2 to denote the isothermal coordinate in a neighborhood
of q: Suppose qk is a local maximum of uk1 (limk→∞ q
k = q), in local coordinates,
(2.2) φ(0) = 0, |∇φ(0)| = 0, ∆φ(0) =−2K(qk)
where K(qk) is the Guass curvature at qk. With the conformal covariant property
of ∆g in surfaces ( ∆g = e
−φ ∆) we write (2.1) in a neighborhood of qk as
∆(uk1− f k2 )+2ρk1h1eφ eu
k
1 = 2ρk1e
φ , in Bτ
where τ > 0 is chosen that B(qk,2τ) does not contain other blowup points.
For applications later it is more convenient to make the equation homogeneous
and make the solution having no oscillation on ∂Bτ . For this purpose we set f
k
3 be
a solution of
(2.3) ∆ f k3 (x) = e
φ , in Bτ , f
k
3 (0) = |∇ f k3 (0)|= 0,
and let ψk1 be a harmonic function on Bτ that eliminates the oscillation of u
k
1− f k2 −
2ρk2 f
k
3 on ∂Bτ :
(2.4)
{
∆ψk1 = 0, in Bτ ,
ψk1(x) =
1
2piτ
∫
∂Bτ
(uk1− f k2 −2ρk2 f k3 )dS, x ∈ ∂Bτ .
By the mean value property of harmonic functions ψk1(0) = 0. Later in application
it is clear that uk1, f
k
2 and f
k
3 all have finite oscillation on ∂Bτ so all the derivatives
of ψk1 are bounded in Bτ/2. Lumping f
k
2 , f
k
3 and ψ
k
1 with u
k
1 we write (2.1) as
(2.5) ∆u˜k1+2h
k
1e
u˜k1 = 0, in Bτ
where
(2.6) u˜k1 = u
k
1− f k2 −2ρk1 f k3 −ψk1 , hk1 = ρk1h1e f
k
2+2ρ
k
2 f
k
3+ψ
k
1 ,
we here emphasize that u˜k1 is a constant (depending on k) on ∂Bτ .
Before deriving sophisticated estimate we start with a crude one:
Lemma 2.1.
(2.7) ρk1 −4pi =O(λ k1 e−λ
k
1 ), ρk2 −4piN =O(λ k2 e−λ
k
2 ).
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Proof of Lemma 2.1:
Here we recall that qk is a local maximum of uk1 (λ
k
1 = u
k
1(q
k) =maxM u
k
1), which
is 0 in the local coordinate system. Let q˜k be the maximum point of u˜k1, here we
cite a standard result for single equation [17, 8, 39], q˜k = O(e−λ
k
1 ), u˜k1(q˜
k)−λ k1 =
O(e−λ
k
1 ),
(2.8) ∇(loghk1)(0) = O(λ
k
1 e
−λ k1 ),
(2.9) u˜k1(x) = log
eλ
k
1
(1+ eλ
k
1
2hk1(0)
8
|x− q˜k|2)2
+O(λ k1λ
k
1 e
−λ k1 ), x ∈ Bτ .
Using (2.9) and (2.8) in the following computation, we have
2
∫
Bτ
hk1e
u˜k1 = 8pi +O(λ k1e
−λ k1 ).
Since
2ρk1
∫
B(qk,τ)
h1e
uk1dVg = 2
∫
Bτ
hk1e
u˜k1
and uk1 = −λ k1 +O(1) for x ∈M \B(qk,τ), we see that the estimate of ρk1 − 4pi in
(2.7) holds. The estimate of ρk2 −4piN can be derived in a similar fashion since all
the blowup points of uk1 and u
k
2 are distinct. The influence of u
k
1 can be removed
from the equation for uk2 around a blowup point and everything can be carried out
as before. Lemma 2.1 is established. 
In order to derive more precise estimates we use the expansion of bubbling so-
lution for Liouville equation, as employed in the proof of Lemma 2.1, to have
(2.10) f k2 (q
k) =−4pi
N
∑
l=1
G(qk, pkl )+O(λ
k
2e
−λ k2 ),
and
(2.11) ∇ f k2 (q
k) =−4pi
N
∑
l=1
∇1G(q
k, pkl )+O(λ
k
2e
−λ k2 ).
Here we note that if N > 2, uk2 has N− 2 blowup points other that qk in case two
and case three. Let pk2,l (l = 3, ...,N) be these blowup points, by results for single
equation
λ k2,l = λ
k
2,s+O(1), l,s= 3, ...,N
where λ k2,l is u
k
2(p
k
2,l), l = 3, ..,N.
Since certain errors occur very frequently we use the following notations:
SE1 =O(λ
k
1 e
−λ k1 )+O(λ k2e
−λ k2 ), SE2 =O(e−λ
k
1 )+O(e−λ
k
2 ).
Taking advantage of these new notations in direct computation, we have, from the
definition of hki in (2.6), that
hk1(0) = 4pih1(q
k)e−4pi ∑
N
l=1G(q
k,pkl )+SE1,(2.12)
u˜k1(0) = u
k
1(q
k)+4pi ∑
l
G(qk, pkl )+SE1.
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Now we compute ∫
B(0,τ)
hk1e
u˜k1 =
∫
Ωk
hk1(εky)e
vkdy
where
vk(y) = u˜
k
1(εky)+2logεk,
εk = e
− 12 u˜k1(0), Ωk = B(0,ε−1k τ), the leading term in the expansion of vk is
Uk(y) = log
1
(1+
hk1(0)
4
|y|2)2
,
and the expansion is
vk(y) =Uk(y)+O(ε
2
k )(log(2+ |y|))2.
Using the expansion in the calculation we have∫
B(0,τ)
hk1e
u˜k1 =
∫
B(0,τε−1k )
(hk1)(εky)e
vkdy(2.13)
=4pi +O(ε2k )+
1
2
2
∑
i=1
∂ii(h
k
1)(0)ε
2
k
∫
B(0,τε−1k )
y2i e
Udy
=4pi +
8pi
hk1(0)
2
∆hk1(0)ε
2
k logε
−1
k +O(ε
2
k ).
Note that the term involving ∇hk1(0) is part of an error because of symmetry.
The Pohozaev identity for single equation gives
∇(loghk1)(0) = O(e
−λ k1 λ k1 ),
which immediately implies
∆hk1(0) = h
k
1(0)∆(logh
k
1)(0)+SE1.
Thus (2.13) can be written as
(2.14)
∫
B(0,τ)
hk1e
u˜k1 −4pi = 8pi ∆(logh
k
1)(0)
hk1(0)
ε2k log
1
εk
+SE1.
Going back to the definition of hk1 we have
∆(loghk1)(0) = ∆(logh1)(q
k)+∆φ +∆ f k2 (q
k)+2ρk1∆ f
k
3 (0)
= ∆(logh1)(q
k)−2K(qk)−4piN+8pi +SE1.
Let ρ˜k1 = ρ
k
1
∫
B(qk,τ) h1e
uk1 , using
ε2k = e
−u˜k1(0) = e−u
k
1(q
k)−4pi ∑lG(qk,pkl )+O(λ k2 e−λ
k
2 ),
and the corresponding expression for log1/εk in (2.14), we have
ρ˜k1 −4pi = 2
∆(logh1)(q
k)−2K(qk)+4piN−8pi
h1(qk)
e−λ
k
1 λ k1 +SE2.
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Since
∫
M\B(qk ,τ) ρ
k
1h1e
uk1dVg = O(e
−λ k1 ), we have
(2.15) ρk1 −4pi = 2
∆(logh1)(q
k)−2K(qk)+4piN−8pi
h1(qk)
e−λ
k
1 λ k1 +SE2.
The following lemma determines the location of qk:
Lemma 2.2.
(2.16) ∇(logh1)(q
k)−4pi
N
∑
l=1
∇1G(q
k, pkl )+8pi∇1β (q
k,qk) = SE1.
Proof of Lemma 2.2:
Let ξ ∈ S1, the following Pohozaev identity for u˜k1 holds:
(2.17)
∫
Bτ
∂ξh
k
1e
u˜k1 =
∫
∂Bτ
eu˜
k
1hk1(ξ ·ν)+∂ν u˜k1∂ξ u˜k1−
1
2
|∇u˜k1|2(ξ ·ν).
First we observe that the first term on the right hand side is minor because its order
is SE2. In order to evaluate other terms on the right hand side of (2.17) we consider
the Green’s representation of uk1− f k2 around qk (see (2.17) :
uk1(x)− f k2 (x) = u¯k1− f¯ k2 +
∫
M
G(x,η)2ρk1h1e
f k2 eu
k
1− f k2 dV,
we use the expansion of uk1− f k2 to obtain, for x away from qk, that
uk1(x)− f k2 (x) = uk1− f k2 +8piG(x,qk)+SE1.
In view of the fact that f¯ k2 = 0 based on its definition, we have
uk1− f k2 −2ρk1 f k3 = u¯k1−4log |x|+8piβ (x,qk)−2ρk1 f k3 +SE1, x ∈ Bτ \{0}.
The right hand side without SE1
G˜(x) =−4log |x|+8piβ (x,qk)−8pi f3
is a harmonic function in Bτ \{0}, which means
u˜k1 = u
k
1− f k2 −2ρk1 f k3 −ψk1 = u¯k1+C+SE1, |x| = τ ,
and
∇u˜k1 = SE1, |x|= τ .
Using this in the Pohozaev identity we have
(2.18) ∇(loghk1)(0)+8pi∇1β (q
k,qk)−4pi ∑
l
∇1G(q
k, pkl ) = SE1.
By the definition of hk1 we see that (2.16) holds. Lemma 2.2 is established. 
Now we determine the leading terms of ρk2−4piN. Define ρk2,l by the integration
of ρ2h
k
2e
uk2 over B(pkl ,τ) for some small τ > 0 (so that B(p
k
1,2τ) does not contain
other blowup points). Let
f k1 (x) =−
∫
M
G(x,η)ρk1h1e
uk1dVg(η).
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Then for x away from qk we have
(2.19) f k1 (x) =−4piG(x,qk)+O(λ k1e−λ
k
1 )
and
(2.20) ∇ f k1 (x) =−4pi∇1G(x,qk)+O(λ k1e−λ
k
1 ).
The equation for f k1
∆g f
k
1 = ρ
k
1(h1e
uk1 −1),
gives rise to
(2.21) ∆g(u
k
2− f k1 )+2ρk2(h2e f
k
1 eu
k
2− f k1 −1) = 0.
Later we shall use (2.21) to determine the relations between λ k2,l = u
k
2(p
k
l ). Now
we write (2.21) as
∆g(u
k
2− f k1 )+2ρk2h2eu
k
2 = 2ρk2 .
In isothermal coordinates around pkl , we have
∆(uk2− f k1 )+2ρk2eφh2e f
k
1 eu
k
2− f k1 = 2ρk2e
φ
for φ(0) = |∇φ(0)| = 0, ∆φ(0) =−2K(pkl ).
Let f3 be a solution of
∆ f3 = e
φ , f3(p
k
l ) = |∇ f3(pkl )|= 0
and set
u˜k2 = u
k
2− f k1 −2ρk2 f k3 −ψk2 , hk2 = ρk2h2eφ+ f
k
1+2ρ
k
2 f
k
3+ψ
k
2 ,
where ψk2 is a harmonic function determined by the average of u
k
2− f k1 −2ρk2 f k3 on
∂Bτ . The equation for u˜
k
2 is
∆u˜k2+2h
k
2e
u˜k2 = 0.
The values of u˜k2 and h
k
2 at the origin are
(2.22) u˜k2(0) = λ
k
2,l +4piG(p
k
l ,q
k)+O(λ k1e
−λ k1 )
and
(2.23) hk2(0) = 4piNh2(p
k
l )e
−4piG(pkl ,qk)+SE1.
Green’s representation of uk2 gives
(uk2− f k1 )(x) = u¯k2− f¯ k1 +
∫
M
G(x,η)2ρk2h2e
uk2dVη .
After using results for single equation we have, for x away from pkl ,
uk2(x)− f k1 (x) = u¯k2+
N
∑
s=1
8piG(x, pks )+SE1.
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Using the Pohozaev identity for single equation, we obtain the location of pkl as
follows:
∇(logh2)(p
k
l )−4pi∇1G(pkl ,qk)+8pi
N
∑
s 6=l,s=1
∇1G(p
k
l , p
k
s)+8pi∇1β (p
k
l , p
k
l )
= SE1, l = 1, ...,N.(2.24)
Let ρk2,l =
∫
B(pkl ,τ)
ρk2h2e
uk2 . Then we have
ρk2,l =
1
2
∫
B(pk
l
,τ)
2ρk2h2e
uk2 =
1
2
∫
Bτ
2hk2e
u˜k2 .
Let
εk = e
− 12 u˜k2(0), ε2k = e
−λ k2,l−4piG(pkl ,qk)+O(λ k1 e−λ
k
1 ),
and
vk(y) = u˜
k
2(εky)+2logεk,
Then the leading term in the expansion of vk is
log
1
(1+
hk2(0)
4
|y|2)2
.
Then following the same computation as before we have
ρk2,l =
1
2
(8pi +
1
2
ε2k ∆h
k
2(0)
∫
B(0,ε−1k τ)
|y|2ev(y)dy+O(ε2k )
= 4pi +8piε2k log
1
εk
∆hk2(0)/h
k
2(0)
2+O(ε2k ).
By the definition of hk2 we have
(2.25) ∆(loghk2)(0) = ∆(logh2)(p
k
l )−2K(pkl )+8piN−4pi +O(λ k1 e−λ
k
1 ).
The Pohozaev identity for single equation gives
∇(loghk2)(0) = O(λ
k
2 e
−λ k2 ),
which leads to
∆(loghk2)(0) =
∆hk2(0)
hk2(0)
+O(λ k2 e
−λ k2 ).
Using the definition of u˜k2(p
k
l ) and εk, we have
ρk2,l−4pi = 2e−λ
k
2,lλ k2,l(
∆(logh2)(p
k
l )−2K(pkl )+8Npi−4pi
Nh2(p
k
l )
)+SE2.
Thus
(2.26) ρk2 −4piN = 2
N
∑
l=1
e−λ
k
2,lλ k2,l(
∆(logh2)(p
k
l )−2K(pkl )+8Npi−4pi
Nh2(p
k
l )
)+SE2.
Now we use the results for single equation to derive the mutual relationship
between λ k2,l and λ
k
2,s(l 6= s). First it is easy to see that the only difference between
any two of them is O(1).
SU(3) TODA SYSTEM 13
From
uk2(x) = u¯
k
2+
∫
M
G(x,η)(2ρk2h2e
uk2 −ρk1h1eu
k
1)dVη ,
we focus on x= pkl and have
λ k2,l = u
k
2(p
k
l ) = u¯
k
2+
∫
B(pkl ,δ )
G(pkl ,η)(2ρ
k
2h2e
uk2−ρk1h1eu
k
1)dVη
+∑
s 6=l
∫
B(pks ,τ)
+
∫
B(qk,τ)
+
∫
M\(∪lB(pkl ,τ)∪B(qk,τ))
= u¯k2−
1
2pi
∫
B(pkl ,τ)
log |η |2ρk2h2eu
k
2 +8piβ (pkl , p
k
l )+∑
s 6=l
8piG(pkl , p
k
s)−4piG(pkl ,qk)
+SE1.
To evaluate the second term on the right hand side, we use
εk = e
− 12 u˜k2(0), vk(y) = u˜k2(εky)+2logεk,
where u˜k2(0) satisfies (2.22).
(− 1
2pi
)
∫
B(pkl ,τ)
log |η |2ρk2h2eu
k
2 = (− 1
2pi
)
∫
Ωk
(log |η1|+ logεk)2hk2(εkη1)evk(η1)dη1
=−4logεk− 1
2pi
∫
Ωk
log |η1|2hk2(εkη1)evk(η1)dη +O(λ k2λ k2 e−λ
k
2 )+O(λ k2e
−λ k1 )
where Ωk = B(0,τε
−1
k ), h
k
2 is as before, the scaled version of u˜
k
2 is vk, which satis-
fies
vk(y) = log
1
(1+
hk2(0)
4
|y|2)2
+O((logεk)
2).
It is elementary to verify that
(− 1
2pi
)
∫
Ωk
log |η1|2hk2(0)evk = 2log
hk2(0)
4
+O(λ k2e
λ k2 )
= 2log(piNh2(p
k
2))−8piG(pkl ,qk)+SE1.
Note that the following equality is used in the evaluation above:∫ ∞
0
logr
r
(1+ r2)2
dr = 0.
Putting all the information together we have
0= u¯k2+λ
k
2,l +8piβ (p
k
l , p
k
l )+∑
s 6=l
8piG(pkl , p
k
s)−4piG(pkl ,qk)
+2logNpi +2logh2(p
k
l )+O(λ
k
2λ
k
2e
−λ k2 )+O(λ k2e
−λ k1 ).
Here
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Thus for l 6= s, equating u¯k leads to
λ k2,l +8piβ (p
k
l , p
k
l )+8pi ∑
m 6=l
G(pkl , p
k
m)−4piG(pkl ,qk)+2logh2(pkl )
= λ k2,s+8piβ (p
k
s , p
k
s)+8pi ∑
m 6=s
G(pks , p
k
m)−4piG(pks ,qk)+2logh2(pks)
+O(λ k2λ
k
2 e
−λ k2 )+O(λ k2e
−λ k1 ).(2.27)
Proof of Theorem 2.1 . The difference of ρk1 and 4pi can be found in (2.15),
ρk2 − 4Npi is stated in (2.26). The location that qk satisfies, as a local maximum
of uk is derived in (2.18) and for each local maximum pkl of u
k
2, the location is
determined in (2.24). Finally the comparison of the magnitudes of local maximum
values of uk2 is established in (2.27). Theorem 2.1 is established. 
3. CASE THREE
In this section we establish sharp estimates for case three stated in Theorem 1.1.
First we recall that qk is the only blowup point of uk1 and q = limk→∞ q
k is also
a blowup point of uk2. Moreover, u
k
2 has two local maximum points p
k
1, p
k
2, both
tending to q but the spherical Harnack inequality around qk is violated:
uk2(p
k
i )+2log |pki −qk| → ∞, i= 1,2.
We use δk = |pk1−qk|. Our main results for case three in the statement of Theorem
1.1 are as follows. First for N = 2, we have
Theorem 3.1. In case three and N = 2, the following conclusions hold:
(1) λ k1 +(4+dk) logδk → ∞, λ k2 +2logδk → ∞, where dk =O(e−λ
k
2 δ−2k )
(2) ρk1−4pi = (D+o(1))e−λ
k
1 δ−4−dkk +O(λ
k
1e
−λ k1 ) where D> 0 is a constant.
(3) ρk2 −8pi = O(λ k2 e−λ
k
2 )+O(e−λ
k
2 δ−2k ).
(4)
∇ logh1(q
k)+2∇ logh2(q
k)+24pi∇1β (q
k,qk)
=O(λ k1 e
−λ k1 δ−3k )+O(e
−λ k1 δ−4−dkk )+O(λ
k
2e
−λ k2 δ−3k )+O(δk).
In case three and N ≥ 3, we have
Theorem 3.2. For case three and N ≥ 3, the following conclusions hold: For some
dk = O(e
−λ2,qδ−2k ) we have
(1) λ k1 +(4+dk) logδk → ∞,
(2) λ k2 +(4+2dk) logδk → ∞,
(3) λ k2,q− (2+2dk) logδk = λ k2 +O(1),
(4) ρk1−4pi =(D+o(1))e−λ
k
1 δ−4−dkk
(∫
M h1exp(−4pi ∑Nl=3G(x, pkl ))dVg
)
+O(λ k1e
−λ k1 )
for some D> 0.
(5) ρk2 −4piN = O(e−λ
k
2,q)+O(λ k2,qe
−λ k2,qδ−2k ).
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(6) The locations of qk, pkl (l ≥ 3) are determined by
∇(logh1+2logh2)(q
k)+24pi∇1β (q
k,qk)+12pi ∑
l≥3
∇1G(q
k, pkl )
= O(λ k1 e
−λ k1 δ−3k )+O(e
−λ k1 δ−4−dkk )+O(λ
k
2,qe
−λ k2,qδ−3k )+O(δk),
and
∇ logh2(p
k
l )+12pi∇1G(p
k
l ,q
k)+8pi∇1β (p
k
l , p
k
l )+8pi ∑
s 6=l
∇1G(p
k
l , p
k
s)
= O(e−λ
k
1 δ−4−dkk )+O(λ
k
2,qe
−λ k2,q)+O(e−λ
k
2,qδ−2k ), l = 3, ..,N.
Finally the comparison of heights can be found in
λ k2,q−2logδk+ log
h2(q
k)
8
+12piβ (qk,qk)+8pi ∑
l≥3
G(qk, pkl )
= λ k2,l + log
h2(p
k
l )
4
+12piG(pkl ,q
k)+8piβ (pkl , p
k
l )+ ∑
s 6=l,s≥3
8piG(pkl , p
k
s)
+O(δk)+O(λ
k
2λ
k
2 e
−λ k2 δ−4−2dkk )+O(λ
k
1e
−λ k1 δ−4−dkk logδ
−1
k ).
Note that the comparison between λ k2,l and λ
k
2,m for l 6=m (l,m ∈ {3, ...,N}) can
be obtained by the last estimate in Theorem 3.2. Also the dk in Theorem 3.2 is o(1)
because of (2) and (3).
Case three is about bubbling disks colliding into one point. Since ρk1 → 4pi , at
least around the bubbling disk that contains the maximum of uk1, we have∫
B(qk,τ)
2ρk1h1e
uk1 ≥ 8pi +o(1).
Using the fact that
∫
B(qk,τ) h1e
uk1 ≤ 1, we see immediately that there is only one
bubbling disk for uk1. we recall the definition of σi in [25]:
σi =
1
2pi
lim
δ→0
lim
k→∞
∫
B(qk,δ )
hie
uki dVg, i= 1,2.
Since the classification of (σ1,σ2) for SU(3) Toda system is
(2,0),(0,2),(2,4),(4,2),(4,4),
the only type that can have colliding bubbling disks is (2,4), which has two possi-
ble formations: (1) Either one bubbling disk that contains a partial blowup profile
of uk1 with two other bubbling disks of partial blowup of u
k
2, or, (2) after scaling
according to the magnitude of uk2, the scaled function of u
k
2 tending to
∆v+2ev = 4piδ0, in R
2,
∫
R2
ev < ∞.
We first consider the case that (2,4) consists of three bubbling disks of
(2,0),(0,2),(0,2)
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respectively. Let qk and pk1 and p
k
2 be the centers of these three bubbling disks. We
first prove that qk is roughly the mid-point of pk1 and p
k
2. Recall that λ
k
2,q is the
maximum uk2 in B(q
k,τ).
Since qk is the common blowup point for uk1 and u
k
2, we now consider the local
version of the system in a neighborhood of qk: First using the φ function corre-
sponding to the isothermal coordinates at qk we write the system as{
∆uk1+2ρ
k
1h1e
φ eu
k
1−ρk2h2eφeu
k
2 = (2ρk1 −ρk2)eφ ,
∆uk2−ρk1h1eφeu
k
1 +2ρk2h2e
φeu
k
2 = (−ρk1 +2ρk2)eφ , in Bτ .
Note that φ satisfies
(3.1) φ(0) = |∇φ(0)| = 0, ∆φ(0) =−2K(qk).
Then we use the following two functions to eliminate the right hand side:
∆ f k1 = (2ρ
k
1 −ρk2)eφ , f k1 (0) = |∇ f k1 (0)|= 0,(3.2)
∆ f k2 = (−ρk1 +2ρk2)eφ , f k2 (0) = |∇ f k2 (0)|= 0.
Let ψki be the harmonic function that eliminates the oscillation of u
k
i − f ki on
B(qk,τ) for some τ > 0 small. By setting
(3.3) u˜ki = u
k
i − f ki −ψki , hki = ρki hieφe f
k
i +ψ
k
i , i= 1,2
we write the system in B(0,τ) as
(3.4)
{
∆u˜k1+2h
k
1(x)e
u˜k1 −hk2eu˜
k
2 = 0,
∆u˜k2−hk1(x)eu˜
k
1 +2hk2e
u˜k2 = 0, in Bτ ,
and the definition of hki gives
∇(loghk1)(0) = ∇(logh1)(q
k)+∇ψk1(0)
∇(loghk2)(0) = ∇(logh2)(q
k)+∇ψk2(0)
∆(loghk1)(0) = ∆(logh1)(q
k)+8pi−4Npi−2K(qk)+o(1)(3.5)
∆(loghk2)(0) = ∆(logh2)(q
k)+8piN−4pi−2K(qk)+o(1)
where o(1) = O(|ρk1 −4pi|)+O(|ρk2−4piN|).
Since there is only bubbling disk for uk1, the maximum of u
k
1 is in B(q
k,τ): λ k1 =
maxB(qk,τ) u
k
1. Note that the maximum of u˜
k
1 in Bτ is only O(e
−λ k1 ) different from
λ k1 (see [17, 39]).
Before we deduce more specific locations of Qi, we recall that the concept of
group, defined in [25], describes a few bubbling disks of comparable distances to
one another but far away to bubbling disks not in the group.
Lemma 3.1. Suppose δk = |qk − pk1| ≤ |qk − pk2|. Note that since they are in a
group, |qk− pk2| ≤C|qk− pk1|. Let
vki (y) = u˜
k
i (q
k+δky)+2logδk, i= 1,2
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and Qki be the images of p
k
i after scaling (i = 1,2, Q
k
i → Qi), then we have Q2 =
−Q1.
Proof of Lemma 3.1:
The system after scaling becomes{
∆vk1(y)+2h
k
1(δky)e
vk1(y)−hk2(δky)ev
k
2(y) = 0, |y| ≤ Rk,
∆vk2(y)−hk1(δky)ev
k
1(y)+2hk2(δky)e
vk2(y) = 0, |y| ≤ Rk.
for some Rk → ∞. Let Qk1 and Qk2 be the images of pk1 and pk2 respectively, the
definition of Qk1 gives |Qk1| = 1. For Qk2 we know |Qk2| ∼ 1. For δ > 0 small,
Bδ , B(Q
k
1,δ ) and B(Q
k
2,δ ) are disjoint and in these disks we can see the profile
of bubbling solutions of a single Liouville equation. If we let µk1 , µ
k
2 and µ¯
k
2 be
the maximum values of vk1 in B(0,δ ), magnitude of v
k
2 in B(Q
k
1,δ ) and B(Q
k
2,δ )
respectively. It is obvious that µk2 = µ¯
k
2 +O(1). Using Green’s representation it is
also clear that vki has bounded oscillation around each of the bubbling disks. If we
consider the location of blowup at the origin, it satisfies
(3.6) δk∇(logh
k
1)(0)+∇φ
k
1 (0) = O(µ
k
1e
−µk1 ),
where φ k1 is the harmonic function determined by the value of v
k
1 on ∂B(0,1/2):
(3.7) φ k1 =−2log |y−Qk1|−2log |y−Qk2|+C+o(1).
Then
(3.8) ∇φ k1 (0) =
2Q1
|Q1|2 +2
Q2
|Q2|2 +o(1).
Combining (3.6) and (3.8) we obtain Qk2 =−Qk1+o(1). 
With the new information revealed in Lemma 3.1 we now consider the equation
for (vk1,v
k
2) on B(0,τδ
−1
k ):{
∆vk1+2h
k
1(δky)e
vk1 −hk2(δky)ev
k
2 = 0,
∆vk2(y)−hk1(δky)ev
k
1 +2hk2(δky)e
vk2 = 0. in B(0,δ−1k ).
Let
µk2 = λ
k
2,q+2logδk → ∞,
then the standard uniform estimate for single equation ([24]) gives a rough estimate
of vk2 around Q1:,
vk2(y) =−µk2 +O(1), y ∈ ∂B(Q1,δ ).
For more detailed analysis of vki we need to consider the equation of their spherical
averages v¯ki (r):
(3.9)
d
dr
v¯k2(r) =−
2σ k2 (r)−σ k1 (r)
r
, v¯k2(2) =−µk2 +O(1).
vk2(y) =−µk2 − (6+o(1)) log |y|+O(1), 2< |y|< δ−1k ,
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where
σ ki (r) =
1
2pi
∫
Br
hki (δky)e
vki (y)dy, i= 1,2.
Here we note that
(3.10)
∫
M\B(qk ,2δk)
h1e
uk1dVg = o(1).
The reason is by the result of the single Liouville equation we already have
2
∫
B1/2
hk1(δky)e
vk1(y) = 8pi +o(1),
this fact, together with ρk1 → 4pi and
∫
M h1e
uk1 = 1, proves (3.10).
Let
d1,k = σ
k
1 (2)−2, dk = σ k2 (2)−4,
equation (3.10) further implies that
(3.11) µk1 +(2+dk) logδk → ∞, dk = O(e−µ
k
2 ).
To see this we consider the equation of v¯k1(r). Since v
k
2 has very fast decay, it is
easy to see from σ k1 (r)≤ 2+o(1) (because ρk1 → 4pi) that
v¯k2(r) =−
2σ k2 (r)−σ k1 (r)
r
≤−(6+o(1))/r, 2< r < τδ−1k .
We further observe from the results for single equation that
(3.12) σ k1 (2) = 2+O(µ
k
1e
−λ k1 )+O(e−µ
k
1)
and
(3.13) σ k2 (2) = 4+O(µ
k
2e
−λ k2,q)+O(e−µ
k
2 ).
The reason for (3.12) is
σ k1 (2) = 2+C∆h
k
1(0)δ
2
k e
−µk1 +O(e−µ
k
1 )
where δ 2k comes from the scaling. Thus (3.12) holds. (3.13) can be proved simi-
larly. Lemma 2.1 of [25] says that vki is O(1) different from its spherical average
away from bubbling area. Thus we consider the equation of v¯k1(r) first. Recall that
d
dr
v¯k1(r) =−
2σ k1 (r)−σ k2 (r)
r
=−2(σ
k
1 (r)−2)− (σ k2 (r)−4)
r
.
Let
εk = σ
k
2 (2)−2σ k1 (2) = (σ k2 (2)−4)−2(σ k1 (2)−2) = dk−2dk,1,
then (3.12) and (3.13) yield
(3.14) εk =O(µ
k
1e
−λ k1 )+O(e−µ
k
1 )+O(µk2e
−λ k2,q)+O(e−µ
k
2 ),
Let
σ˜ ki (r) =
1
2pi
∫
Br\B2
hki (δky)e
vki (y)dy= σ ki (r)−σ ki (2), i= 1,2.
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Then the equation for v¯k1(r) can be written as
d
dr
v¯k1(r) =
εk−2σ˜ k1 (r)+ σ˜ k2 (r)
r
, 2< r < τδ−1k .
Because of the decay of vk2 we have
(3.15) σ˜ k2 (r) =O(e
−µk2 r−4+o(1)), 2< r < τδ−1k .
Now for r > 2,
d
dr
v¯k1(r) =
εk−2σ˜ k1 (r)+ σ˜ k2 (r)
r
, 2< r < τδ−1k
with v¯k1(2) =−µk1+O(1). Integrating the equation for v¯k1(r) above, we have, using
Harnack inequality,
v¯k1(r)≤−µk1 + εk logr+C,
which further gives, by Lemma 2.1 of [25],
ev
k
1(y) ≤Ce−µk1 rεk , |y|= r ∈ (2,τδ−1k ).
This estimate of vk1 gives a crude estimate of σ˜
k
1 (r):
(3.16) σ˜ k1 (r)≤Ce−µ
k
1 r2+εk ,
which leads to a lower bound of v¯k1(r) as
d
dr
v¯k1(r)≥
εk
r
−2Ce−µk1 r1+εk .
Consequently
vk1(y) ≥−µk1 + εk logr−C1e−µ
k
1 r2+εk −C2, |y|= r ∈ (2,τδ−1k ),
which is equivalent to
ev
k
1(y) ≥C1e−µk1 rεke−C2e
−µk
1 r2+εk , |y|= r.
Thus we obtain a lower bound of σ˜ k1 (r):
σ˜ k1 (r)≥Ce−µ
k
1
∫ r
2
s1+εke−Ce
−µk1 s2+εkds
=C3
∫ C2e−µk1 r2+εk
C2e
−µk
1
e−tdt ≥Ce−µk1 r2+εk .
In particular for r ∼ δ−1k we have
(3.17) µk1 +(2+ εk) logδk → ∞,
because otherwise ρk1 would not tend to 4pi . As an immediate consequence µ
k
1 +
(2+o(1)) logδk → ∞, which means the two terms related to µk1 in (3.14) are com-
pletely harmless and the estimate of σ˜ k1 (r) becomes
(3.18) σ˜ k1 (r)∼ e−µ
k
1 r2+dk .
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Then it is easy to see that
(3.19) vk1(y) =−µk1 +dk logr+O(1), 2< r < τδ−1k .
In particular (3.11) holds.
One quick observation based on (3.11) is that we now have a more precise esti-
mate of vk2 away from the bubbling area:
(3.20) vk2(y) =−µk2 − (6+2dk) log |y|+O(1), 2< |y|< τδ−1k .
Now we prove more precise description of pk1 and p
k
2, the two local maximum
points of vk2 around q
k. From
∆vk2+2h
k
2(δky)e
vk2 = hk1(δky)e
vk1(y)
we write
vk2(y) =
∫
Ωk
Gk(y,η)(2h
k
2e
vk2 −hk1ev
k
1(η))dη + vk2|∂Ωk
where Ωk is the re-scaled domain Ωk = B(0,τδ
−1
k ) for some τ > 0 small, and v
k
2
is constant on ∂Ωk, Gk is the Green’s function with respect to Dirichlet boundary
condition:
(3.21) Gk(y,η) =− 1
2pi
log |y−η |+H(y,η)
with
H(y,η) =
1
2pi
log
|η |
τδ−1k
|τ
2δ−2k η
|η |2 − y|.
For y∈ B3 \(B(Qk1,1/4)∪B(Qk2,1/4)∪B(0,1/4)) we have, by estimates for single
equations,
∇vk2(y) =
∫
Ωk
∇1Gk(y,η)(2h
k
2e
vk2−hk1ev
k
1)dη
=−4 y−Q
k
2
|y−Qk2|2
−4 y−Q
k
1
|y−Qk1|2
+2
y
|y|2 +E(3.22)
where
E = O(µk2e
−µk2 )+O(µk1e
−µk1 )+O(δ 2k ).
From (3.22) it is easy to see that the harmonic function that eliminates the oscilla-
tion of vk2 around Q
k
1 is
φ k2,1(y) =−4log |y−Qk2|+2log |y|+C+E,
which satisfies
(3.23) ∇φ k2,1(Q
k
1) = (−4)
Qk1−Qk2
|Qk1−Qk2|2
+2
Qk1
|Qk1|2
+E.
Similarly, if φ k2,2 is the harmonic function that eliminates the oscillation of v
k
2
around Qk2, we have
(3.24) ∇φ k2,2(Q
k
2) = (−4)
Qk2−Qk1
|Qk2−Qk1|2
+2
Qk2
|Qk2|2
+E.
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Using this in the Pohozaev identity around Qk1, we have
(3.25) δk∇(logh
k
2)(δkQ
k
1)+ (−4)
Qk1−Qk2
|Qk1−Qk2|2
+2
Qk1
|Qk1|2
= E.
Since Qk1 ∈ ∂B1, we use Qk1 = eiθk . So Qk2 = (−cosθk,−sinθk)+o(1). We set it as
Qk2 = (−cosθk+a,−sinθk+b).
Using this expression of Qk2 in (3.25), we observe by elementary computation that
Qk1−Qk2
|Qk1−Qk2|2
=
(2cosθk−a,2sinθk−b)
4−4acosθk−4bsinθk+O(a2+b2)
=(
1
2
cosθk+
a
4
cos2θk+
b
4
sin2θk,
1
2
sinθk+
a
4
sin2θk− b
4
cos2θk)+O(a
2+b2).
Now (3.25) reads
δk∂1(logh
k
2)(0)−acos2θk−bsin2θk+O(a2+b2) = E
δk∂2(logh
k
2)(0)−asin2θk+bcos2θk+O(a2+b2) = E.(3.26)
Using the fact that a,b= o(1) we first observe that
(3.27) a,b= O(δk)+E.
Inserting (3.27) in (3.26) we have
a= δk∂1(logh
k
2)(0)cos2θk+δk∂2(logh
k
2)(0)sin2θk+E(3.28)
b=−δk∂2(loghk2)(0)cos2θk+δk∂1(loghk2)(0)sin2θk+E,
Now we consider the equation for vk1:
∆vk1+2h
k
1(δky)e
vk1 = hk2(δky)e
vk2 .
Let
f k2d(y) =
1
2pi
∫
Ωk
log |y−η |hk2ev
k
2dη .
After computation we have
f k2d(y) = 2log |y−Qk2|+2log |y−Qk1|+E
for y around 0, and
∇ f k2d(0) =−
2Qk2
|Qk2|2
−2 Q
k
1
|Qk1|2
+E
= (2acos2θk +2bsin2θk,−2bcos2θk+2asin2θk)+E
= 2δk(∂1(logh
k
2)(0),∂2(logh
k
2)(0))+E.
Pohozaev identity for single equation gives
δk∇(logh
k
1)(0)+∇ f
k
2,d(0) = E,
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which is
(3.29) ∇ loghk1(0)+2∇ logh
k
2(0) = O(δ
−1
k E).
Now we discuss the rough behavior of uk2 around q
k. The asymptotic behavior
of vk2 is (3.20). For |y| ∼ δ−1k , which is |x−qk| ∼ 1 or |y| ∼ δ−1k ,
u˜k2(x)+2logδk = v
k
2(y) =−µk2 +(6+2dk) logδk+O(1).
Replacing µk2 by λ
k
2,q, we have
uk2(x) =−λ k2,q+(2+2dk) logδk+O(1), x ∈ ∂B(qk,τ).
If N ≥ 3 and pkl is another blowup point for uk2 with local maximum value λ k2,l , we
know from the results for single equations that around pkl ,
u˜k2(x) =−λ k2,l +O(1), |x− pkl |= τ .
Thus the comparison of the value of uk2 away from bubbling disks gives
(3.30) −λ k2,q+(2+2dk) logδk =−λ k2,l +O(1), l = 3, ...,N.
In order to determine the harmonic functions that cancel the oscillation of uki on
∂B(qk,τ), we use the Green’s representation of uki around q
k:
uk1(x) = u¯
k
1+
∫
M
G(x,y)(2ρk1h1e
uk1 −ρk2h2eu
k
2)dVg(y)
For x ∈M \B(qk,τ), if N = 2, it is easy to obtain
(3.31) uk1(x) = u¯
k
1+O(µ
k
2e
−λ k2,q)+O(e−µ
k
2 )+O(µk1e
−λ k1 )+O(e−λ
k
1 δ−dk−4k ).
Indeed, we evaluate the integral into integration over B(qk,2δk) andM\B(qk,2δk).
The integration of G(x,η)ρk2h2e
uk2(η) over these two regions gives
8piG(x,qk)+O(e−µ
k
2 )+O(µk2e
−λ k2,q)
as the sum. The evaluation of∫
B(qk,2δk)
G(x,η)2ρk1h1e
uk1dVg
gives 8piG(x,qk)+O(e−λ
k
1 µk1)+O(e
−µk1 ) and the integration of the same integrand
over M \B(qk,2δk) is O(e−µk1 δ−2−dkk ). Thus (3.31) holds. If N ≥ 3, we have
uk1(x) = u¯
k
1−4pi ∑
l≥3
G(x, pkl )
+O(µk2e
−λ k2,q)+O(e−µ
k
2 )+O(µk1e
−λ k1 )+O(e−µ
k
1δ−2−dkk )+O(λ
k
2e
−λ k2 ).(3.32)
For simplicity we set
SE3 =O(e
−λ k1 δ−4−dkk )+O(µ
k
2e
−λ k2,q)+O(e−µ
k
2)+O(µk1e
−λ k1 ).
By studying the ODE of v¯k1(r) and the Green’s representation of u
k
1, we obtain
easily that
u¯k1 =−µk1 +(2+dk) logδ−1k +C+SE3 =−λ k1 − (4+dk) logδk+C+SE3,
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which means, for D= eC,
eu¯
k
1 = (D+o(1))e−λ
k
1 δ−4−dkk , N = 2
and
eu
k
1 = (D+o(1))e−λ
k
1 δ−4−dkk e
−4pi ∑lG(x,pkl ), N ≥ 3.
With the estimate of eu¯
k
1 we evaluate ρk1−4pi as follows: First for a small neigh-
borhood of qk, using results for single equation we obtain
(3.33)
∫
B(qk,δk/2)
ρk1h1e
uk1dVg = 4pi +O(µ
k
1e
−µk1 δ 2k )+O(e
−µk1).
Note that δ 2k comes from differentiating coefficient function twice. Then the inte-
gration over M \B(qk,Nδk) gives, using Green’s representation formula of uk1,
(3.34)
∫
M\B(qk ,Nδk)
ρk1h1e
uk1dVg = (D+o(1))e
−µk1 δ−2−dkk , for N = 2
and
(3.35)∫
M\B(qk ,Nδk)
ρk1h1e
uk1dVg = (D+o(1))e
−µk1 δ−2−dkk
∫
M
h1(x)e
−4pi ∑lG(x,pkl )dVg(x)
for N ≥ 3. Note that −4piG(x, pkl ) has a good sign near pkl and is integrable near
pkl . Thus ρ
k
1 − 4pi in Theorem 3.1 and Theorem 3.2 can be derived from (3.33),
(3.34) and (3.35).
To evaluate ρk2 − 4Npi , we first consider the integration around qk: Let ρ˜k2 =∫
B(qk,2δk)
ρk2h2e
uk2dVg, we first claim that
(3.36) ρ˜k2 −8pi = O(δ−2k e−λ
k
2,q)+O(λ k2,qe
−λ k2,q).
Indeed,∫
B(pk1,δk/2)
ρk2h2e
uk2dVg =
∫
B(Qk1,
1
2 )
hk2e
vk2 = 4pi +O(µk2e
−µk2 δ 2k )+O(e
−µk2 ).
Here we note that δ 2k comes from the Laplacian of the coefficient function. The
integration of over B(pk2,δk/2) can be evaluated similarly. Since
vk2(y) =−µk2 +O(1) on ∂B2
and vk2 has a very fast decay, it is easy to see that∫
B(qk,τ/2)\B(qk,2δk)
ρk2h2e
uk2dVg =
∫
B(0,τδ−1
k
/2)\B2
hk2(δky)e
vk2(y)dy= O(e−µ
k
2 ).
Thus (3.36) follows. Next Green’s representation for uk2 gives
uk2(x) = u¯
k
2+
∫
M
G(x,y)(2ρk2h2e
uk2−ρk1h1eu
k
1)dVy(3.37)
= u¯k2+12piG(x,q
k)+
N
∑
l=3
8piG(x, pkl )+SE3, x ∈M \B(qk,τ/2).
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Thus, from (3.31) and (3.32) we see that the derivatives of the harmonic function
that eliminates the oscillation of uk1 around q
k satisfy
(3.38) ∇ψk1(q
k) =
{
SE3, for N = 2,
−4pi ∑l≥3 ∇1G(qk, pkl )+SE3, for N ≥ 3,
Note that ∇ f ki (0) = 0 is used. Similarly from (3.37) we have
∇ψk2(q
k) =
{
12pi∇1β (q
k,qk)+SE3, N = 2,
12pi∇1β (q
k,qk)+8pi ∑l≥3 ∇1G(qk, pkl )+SE3 N ≥ 3,
Combining (3.38) with (3.29) we have, for N = 2, that
(3.39) ∇(logh1+2logh2)(q
k)+24pi∇1β (q
k,qk) = SE3+Eδ
−1
k .
The vanishing estimate for N ≥ 3 becomes
(3.40)
∇(logh1+2logh2)(q
k)+24pi∇1β (q
k,qk)+12pi ∑
l≥3
∇1G(q
k, pkl ) = SE3+Eδ
−1
k .
Thus the location statements in Theorem 3.1 and Theorem 3.2 are justified.
Note that the spreading of bubbling circles implies λ k2,q + 2logδk → ∞, which
gives
λ k2 +(4+2dk) logδk → ∞, if N ≥ 3
based on (3.30). In order to determine the relation between λ k2,q with λ
k
2,l , we use
Green’s representation of uk2. It is easy to see that
(3.41) uk2(x) = u¯
k
2−6log |x−qk|+12piβ (x,qk)+8pi ∑
l≥3
G(x, pkl )+SE3 logδ
−1
k
for x ∈ B(qk,τ) \B(qk,τ/2). To determine the relation between u¯k2 and λ k2,q, we
consider the expansion of vk2 around Q
k
2 and without loss of generality we assume
that vk2(Q
k
2) = µ
k
2 . Then for
1
8
< |y−Qk2|< 1/2, standard results for single equation
give
vk2(y)−ψk2,v =−µk2 −2log
h2(q
k)
4
−4log |y−Qk2|+O(δk)(3.42)
+O(µk2µ
k
2e
−µk2 )+O(µk1e
−µk1 ).
where ψk2,v is a harmonic function that eliminates the oscillation of v
k
2 on ∂B(Q
k
2,1/2)
and satisfies ψk2,v(Q
k
2) = 0. For simplicity we set
SE4 =O(δk)+O(µ
k
2µ
k
2e
−µk2 )+O(µk1e
−µk1 ).
Now let Ωk = B(0,τδ
−1
k ) and we consider the expression of v
k
2 on Ωk by the
Green’s representation formula:
(3.43) vk2(y) =
∫
Ωk
Gk(y,η)(2h
k
2e
vk2 −hk1ev
k
1)+ vk2|∂Ωk .
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Using Gk(y,η) as in (3.21), we have, for y 6∈ B(Qk1,1/2)∪B(Qk2,1/2)
vk2(y) =−4log |y−Qk1|−4log |y−Qk2|+2log |y|+6log(τδ−1k )(3.44)
+ vk2|∂B(0,τδ−1
k
)+SE3 logδ
−1
k ,
which determines
ψk2,v =−4log |y−Qk1|+2log |y|+4log2+SE3 logδ−1k +SE4
and
vk2−ψk2,v =−4log |y−Qk2|+6logτ−6logδk+ vk2|∂Ωk −4log2
+SE3 logδ
−1
k +SE4.(3.45)
The comparison of vk2 in (3.42) and (3.45) gives the value of v
k
2 on ∂Ωk:
vk2|∂Ωk =−µk2 −6logτ +6logδk−2log
h2(q
k)
8
+SE3 log(δ
−1
k )+SE4(3.46)
=−λ k2,q−6logτ +4logδk−2log
h2(q
k)
8
+SE3 logδ
−1
k +SE4.
Then we immediately obtain
(3.47) u˜k2|∂B(qk,τ) =−λ k2,q−6logτ +2logδk−2log
h2(q
k)
8
+SE3 logδ
−1
k +SE4.
Recall that
u˜k2 = u
k
2− f k2 −ψk2 .
Therefore
uk2|∂B(qk,τ) = f k2 +ψk2 −λ k2,q−6logτ +2logδk−2log
h2(q
k)
8
+SE3 logδ
−1
k +SE4.(3.48)
The equation of f k2 +ψ
k
2 determines that
f k2 (x)+ψ
k
2(x) = 12piβ (x,q
k)−12piβ (qk,qk)+8pi(
N
∑
l=3
G(x, pkl )−G(qk, pkl ))
+SE3 logδ
−1
k +SE4.
Evaluating the Green’s representation of uk2 near q
k gives, for |x−qk| ∼ τ ,
uk2(x) = u¯
k
2+
∫
M
G(x,η)(2ρk2h2e
uk2 −ρk1h1eu
k
1)dVg(η)
(3.49)
= u¯k2+12piG(x,q
k)+
N
∑
l=3
8piG(x, pkl )+SE3 logδ
−1
k +SE4
= u¯k2+ f
k
2 +ψ
k
2−6log |x−qk|+12piβ (qk,qk)+8pi
N
∑
l=3
G(qk, pkl )+SE3 logδ
−1
k +SE4.
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where the expression of f k2 +ψ
k
2 is used. Thus evaluating (3.49) for |x− qk| = τ
and comparing it with (3.48), we have
u¯k2 =−λ k2,q+2logδk−2log
h2(q
k)
8
−12piβ (qk,qk)−8pi ∑
l≥3
G(qk, pkl )
+SE3 logδ
−1
k +SE4.(3.50)
Now we evaluate uk2 in a neighborhood of p
k
l for each l ≥ 3, from the Green’s
representation of uk2 we have
uk2(x) =u¯
k
2+12piG(x,q
k)−4log |x− pkl |+8piβ (x, pkl )+∑
s 6=l
8piG(x, pks )(3.51)
+SE4+SE3 logδ
−1
k .
Use the expansion of uk2 around p
k
l and the result for single equation we have
u˜k2(x) = u
k
2(x)− f k2 (x)−ψk2(x)(3.52)
= log
e
λ k2,l
(1+ eλ
k
2,l
h2(pkl )
4
|x− p˜kl |2)2
+SE4
for some p˜kl − pkl = O(e−λ
k
2 ). In the neighborhood of pkl we have
f k2 (x)+ψ
k
2(x) = 12pi(G(x,q
k)−G(pkl ,qk))(3.53)
+8pi(β (x, pkl )−β (pkl , pkl ))+8pi ∑
s 6=l
(G(x, pks)−G(pkl , pks)).
Comparing (3.51), (3.52) and (3.53) we have
u¯k2 =−λ k2,l−2log
h2(p
k
l )
4
−12piG(pkl ,qk)−8piβ (pkl , pkl )− ∑
s 6=l,s≥3
8piG(pkl , p
k
s)
+SE4+SE3 logδ
−1
k .(3.54)
The two different expression of u¯k2 in (3.50) and (3.54) lead to
λ k2,q−2logδk+2log
h2(q
k)
8
+12piβ (qk,qk)+8pi ∑
l≥3
G(qk, pkl )
= λ k2,l +2log
h2(p
k
l )
4
+12piG(pkl ,q
k)+8piβ (pkl , p
k
l )+ ∑
s 6=l,s≥3
8piG(pkl , p
k
s)
+O(δk)+O(λ
k
2λ
k
2 e
−λ k2 δ−4−2dkk )+O(λ
k
1e
−λ k1 δ−4−dkk logδ
−1
k ).(3.55)
Finally using results for single equation and (3.51) we know that at each pkl we
have
∇(logh2)(p
k
l )+12pi∇1G(p
k
l ,q
k)+8pi∇1β (p
k
l , p
k
l )+8pi ∑
s 6=l
∇1G(p
k
l , p
k
s)
= SE3.(3.56)
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Proof of Theorem 3.1: The largeness of λ k1 is proved in (3.11), the fact that
λ k2 +2logδk→∞ is the nature of the selection process that determines the bubbling
disks. The estimate of ρk1 − 4pi is a combination of (3.33) and (3.34). The corre-
sponding result on ρk2−8pi is proved in (3.36) and the smallness of
∫
M\B(qk ,τ) ρ
k
2h2e
uk2
(which is O(e−λ
k
2 )). In this case there is only one common blowup point qk, whose
location satisfies (3.39). Theorem 3.1 is established. 
Proof of Theorem 3.2:. The estimate of ρk1 − 4pi comes from (3.33) and (3.35).
To estimate ρk2 −4Npi , first we have (3.36) that concerns the integation of ρk2h2eu
k
2
near qk. For l ≥ 3, by result for single Liouville equation, we have
ρk2,l −4pi = O(λ k2e−λ
k
2 )
where ρk2,l =
∫
B(pk
l
,τ) ρ
k
2h2e
uk2 for small τ . Then using uk2 = −λ k2 +O(1) outside
bubbling area, we obtain the desired estimate of ρk2 − 4Npi in the statement. The
location requirements of qk and pkl are derived in (3.40) and (3.56), the comparison
of λ k2,q with λ
k
2,l is established in (3.55). Theorem 3.2 is established. 
4. CASE TWO
Theorem 4.1. If the case two of Theorem 1.1 occurs, we have, for N = 2, the
following estimates:
(4.1) λ k1 −2λ k2 → ∞,
(4.2) ρk2 −8pi = O(e−λ
k
2 /2)+O(e−λ
k
1+2λ
k
2 ).
(4.3) ρk1 −4pi = (D+o(1))e−λ
k
1+2λ
k
2
for some D> 0. Finally at qk we have
∇(logh1+2logh2)(q
k)+24pi∇1β (q
k,qk) = O(e−λ
k
2 /2)+O(e−λ
k
1+2λ
k
2 ).
Note that in case two, qk is the common blowup point for both uk1 and u
k
2. u
k
2 has
no other blowup points if N = 2.
Theorem 4.2. In case two, if N > 2,
(4.4) λ k1 −λ k2 → ∞, λ k2,q =
1
2
λ k2 +O(1),
(4.5) ρk2−4piN = O(e−λ
k
2 /4)+O(e−λ
k
1+λ
k
2 ).
(4.6) ρk1 −4pi = (D+o(1))e−λ
k
1+λ
k
2
∫
M
h1exp(−4pi
N
∑
l=3
G(x, pkl ))dVg.
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for some D> 0. Finally the locations of blowup points are related by
∇(logh2)(p
k
l )+12pi∇1G(p
k
l ,q
k)+8pi
N
∑
s 6=l,s=3
∇1G(p
k
l , p
k
s)+8pi∇1β (p
k
l , p
k
l )
=O(e−λ
k
2 /4)+O(e−λ
k
1+λ
k
2 ), l = 3, ..,N
∇(logh1+2logh2)(q
k)+24pi∇1β (q
k,qk)+12pi ∑
l≥3
∇1G(q
k, pkl )
=O(e−λ
k
2 /4)+O(e−λ
k
1+λ
k
2 ).
and the magnitudes of uk2 at p
k
l (l ≥ 3) are linked by
λ k2,l +2log
h2(p
k
l )
8
+12piG(pkl ,q
k)+8pi
N
∑
s=3,s 6=l
G(pkl , p
k
s)+8piβ (p
k
l , p
k
l )
= λ k2,m+2log
h2(p
k
m)
8
+12piG(pkm,q
k)+8pi
N
∑
s=3,s 6=m
G(pkm, p
k
s)+8piβ (p
k
m, p
k
m)
+O(e−λ
k
2 /4)+O(e−λ
k
1+λ
k
2 ), for l,m= 3, ...,N and l 6=m.
Theorem 4.1 immediately implies that case two does not occur if ρk1 tends to
4pi from below. In local coordinates of qk we rewrite the equation just like in case
three: let φ satisfy (3.1), f k1 and f
k
2 be defined as in (3.2) and let ψ
k
i , u˜
k
i , h
k
i be
defined as in case three. Then in B(0,τ) we have (3.4) in B(0,τ).
The difference between this case and case three is that if we set εk = e
−λ k2,q/2 and
vk2(y) = u˜
k
2(εky)+2logεk.
vk2 converges to a function v(y) that satisfies
∆v(y)+2 lim
k→∞
hk2(0)e
v = 4piδ0,
where hk1(εky)e
vk1(y) tends to 4piδ0 in measure. Here
vk1(y) = u˜
k
1(εky)+2logεk.
So in this case we have
λ k1 −λ k2,q → ∞.
Let Ωk = B(0,τε
−1
k ) and we use the following function to remove v
k
2 from the
equation for vk1: f
k
2b defined by
f k2b(y) =
1
2pi
∫
Ωk
log |y−η |hk2(εkη)ev
k
2(η)dη ,
satisfies
∆ f k2b(y) = h
k
2(εky)e
vk2(y).
Thus we write the equation for vk1 as
(4.7) ∆(vk1− f k2b)+2hk1(εky)e f
k
2bev
k
1− f k2b = 0.
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Here we further observe that
(4.8) µk1 +2logεk → ∞, µk1 := λ k1 +2logεk.
The reason is for vk1, v
k
2 in Ωk \BR for R large. The fast decay of vk2 and the fact that
vk2 ≤ 0 makes it easy to use a test function to remove vk2 in the equation for vk1. Then
just like the proof in the previous section, starting from v¯k1(R) = −µk1 +O(R), we
can use ρk1 → 4pi to further prove (4.8) just like before.
Clearly (4.8) is equivalent to
(4.9) λ k1 −2λ k2,q → ∞.
The derivation of the leading term of ρk1 − 4pi is similar to case three. After
scaling according to λ k2,q, the total integration of ρ
k
1h1e
uk1 can be estimated by two
parts. One part is the integration in B(qk,Rεk) where εk = e
−λ k2,q/2 , R>> 1 and the
remaining part is the integration over M \B(qk,Rεk). Using Gluck’s result in [17]
for (4.7) and the fact that ∆ f k2b(0) = O(1), we have
(4.10)
∫
B(qk,Rεk)
ρk1h1e
uk1dVg = 4pi +O(µ
k
1e
−µk1 ε2k )+O(e
−µk1).
If N = 2, by the Green’s representation of uk1, we see that for x 6∈ B(qk,τ),
uk1(x) = u¯
k
1+O(µ
k
1e
−λ k1 )+O(e−µ
k
1+λ
k
2 )
= u¯k1+O(e
−µk1+λ k2 ), by (1.7),
which implies that
u¯k1 =−µk1 −2logεk+O(1) =−λ k1 −4logεk+O(1).
Thus
(4.11)
∫
M\B(qk,Rεk)
ρk1h1e
uk1dVg = (D+o(1))e
−λ k1+2λ k2,q
and in this case λ k2,q = λ
k
2 .
If N ≥ 3 and x 6∈ B(qk,τ),
uk1(x) = u¯
k
1−4pi ∑
l≥3
G(x, pkl )+O(λ
k
2e
−λ k2 )+O(e−λ
k
1+λ
k
2,q).
Thus in this case
(4.12)
∫
M\B(qk ,Rεk)
ρk1h1e
uk1dVg = (D+o(1))
∫
M
h1e
−∑l 4piG(x,pkl )dVge−λ
k
1+λ
k
2 .
The combination of (4.10) and (4.11) leads to (4.3) in Theorem 4.1. (4.6) in
Theorem 4.2 is based on (4.10) and (4.12).
Here we further remark that the difference between λ k1 and λ
k
2,q in (4.9) implies
(4.13) vk2(y) =−6log |y|+O(1), |y| ∼ ε−1k .
The proof of (4.13) is very similar to the corresponding estimate for case three.
The fast decay of vk2 and the largeness of µ
k
1 ((4.8) yield the accurate estimate of v
k
2
in (4.13).
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Before we compute the leading term of the ρk2 −4piN we first observe that
(4.14) λ k2,q =
1
2
λ k2,l +O(1), l = 3, ...,N
Indeed, according to (4.13), uk2 = −2λ k2,q +O(1) on ∂B(qk,τ). On the other
hand uk2(x) =−λ k2,l +O(1) on ∂B(pkl ,τ) for τ > 0 small. Thus (4.14) holds.
Before we compute ρk2 − 4piN, we treat hk1(εky)ev
k
1 as a perturbation of 4piδ0 in
the equation for vk2.
Let f k1b(y) be defined by
f k1b(y) =
1
2pi
∫
Ωk
log |y−η |hk1(εkη)ev
k
1(η)dη , y ∈Ωk
where Ωk = B(0,τε
−1
k ). Clearly f
k
1b solves
∆ f k1b(y) = h
k
1(εky)e
vk1 in Ωk.
The following lemma proves a minor difference between e f
k
1b and |y|2.
Lemma 4.1.
(4.15) e f
k
1b(y)−|y|2 = O(e−µk1+λ k2,q) log(2+ |y|), y ∈Ωk.
Proof of Lemma 4.1: We evaluate f k1b in two parts:
(4.16)
f k1b(y) =
1
2pi
log |y|
∫
Ωk
hk1(εkη)e
vk1(η)dη +
1
2pi
∫
Ωk
log
|y−η |
|y| h
k
1(εkη)e
vk1(η)dη .
The first term is
(2+O(µk1e
−λ k1 )+O(e−µ
k
1)+O(e−µ
k
1+λ
k
2,q)) log |y|
as a result of integration over B(qk,τ) and M \B(qk,τ). The evaluation of the
second term is based on integration over the following three regions:
Σ1 := {η ∈Ωk; |η |< |y|/2},
Σ2 := {η ∈Ωk; |η − y|< |y|/2},
Σ3 = Ωk \ (Σ1∪Σ2).
Apply standard estimate in each of the domains we see the second term is
O(e−µ
k
1 )(1+ |y|)2 log(2+ |y|). Lemma 4.15 follows from the combinations of esti-
mates for these two parts. 
Remark 4.1. For later use we observe from (4.16) and the estimate of f k1b that the
oscillation of f k1b on ∂Ωk is O(e
−µk1+λ k2,q)ε2k logε
−1
k .
Let vk = v
k
2− f k1b, we write the equation for vk as
∆vk+2|y|2hk2(εky)evk = Ek
where
Ek = (|y|2− e f k1b)hk2(εky)ev
k
2 = (O(ε2k )+O(e
−µk1ε−2k ))(1+ |y|)−6 log(2+ |y|).
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vk converges toU that satisfies
∆U+2 lim
k→∞
hk2(0)|y|2eU = 0, in R2
with the expression
U(y) = log
Λ
2(1+ Λ
32
|y2−ξ |2)2 limk→∞ hk2(0)
for some ξ ∈R2 and Λ > 0.
Using the idea of [26], we can adjust the parameters of U a little bit to Uk and
make vk agree withUk on three points p1,p2,p3:
Uk = log
Λk
2(1+ Λk
32
|y2−ξk|2)2hk2(0)
where Λk → Λ, ξk → ξ . Here we remark thatUk is a solution of
∆Uk+2h
k
2(0)|y|2eUk = 0, in R2, 2hk2(0)
∫
R2
|y|2eUk = 16pi.
The detail is as follows: Choose 1 << |p1| << |p2| << |p3| such that the fol-
lowing matrix invertible (see the appendix for the details of choosing pi):
(4.17)


∂U
∂Λ (p1)
∂U
∂Λ (p2)
∂U
∂Λ (p3)
∂U
∂ξ1
(p1)
∂U
∂ξ1
(p2)
∂U
∂ξ1
(p3)
∂U
∂ξ2
(p1)
∂U
∂ξ2
(p2)
∂U
∂ξ2
(p3)


where ξ = ξ1+ iξ2. Thus if a o(1) perturbation is placed on v (to make vk(p j) =
Uk(p j) for j = 1,2,3), all we need to do is change the parameters Λ, ξ by a com-
parable amount. So even though we have a sequence of parameters Λk, µk, they
are not tending to infinity. Now we rewrite the equation for vk as
(4.18) ∆vk+2|y|2hk2(0)evk =−2εk
2
∑
t=1
∂th
k
2(0)y
t |y|2evk + E˜k
where the error term E˜k satisfies
|E˜k| ≤C(ε2k +O(e−µ
k
1+λ
k
2,q))(1+ |y|)−4.
Let
wk(y) = vk(y)−Uk(y), y ∈Ωk := B(0,τε−1k ).
We have
wk(y) = O(1) in Ωk
and
wk(y) =C+O(ε
2
k )+O(e
−µk1+λ k2,q) logε−1k on ∂Ωk
because vk2 is a constant on ∂Ωk, f
k
1b has an oscillation of O(e
−λ k1+λ k2,qλ k2,q) ( see
Remark 4.1) and by the following expression ofUk, the oscillation ofUk on ∂Ωk is
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O(ε2k ):
Uk(y) =−8log r− log(2hk2(0))− logΛk+2log32(4.19)
+
1
r2
e2iθ ξ¯k
32
Λk
+
1
r2
ξke
−2iθ 32
Λk
+O(r−4)
=−8logr− logΛk+2log32− log(2hk2(0))
+
64
Λk
r−2(cos2θξ k1 + sin2θξ
k
2 )+O(r
−4).
Moreover, we have
wk(p j) = 0, j = 1,2,3.
The equation for wk is
∆wk+2|y|2hk2(0)eξkwk =−2εk∑
t
∂th
k
2(0)y
t |y|2evk + E˜k
where ξk comes from the Mean Value Theorem. The main result for wk is
Lemma 4.2. Let ε¯k = εk+ e
−µk1+λ k2,q , then
(4.20) |wk(y)| ≤Cε¯k log(2+ |y|), y ∈Ωk.
Proof of Lemma 4.2: The proof of (4.20) is by contradiction. Suppose
Λ˜k :=max
y∈Ω¯k
|wk(y)|
(εk+ e
−µk1+λ k2,q) log(2+ |y|)
→ ∞
and Λ˜k is attained at yk (which could appear on ∂Ωk). We set
wˆk(y) =
wk(y)
Λ˜k(εk+ e
−µk1+λ k2,q) log(2+ |yk|)
,
which is obviously a solution of
∆wˆk(y)+2|y|2hk2(0)eξk wˆk =
O(1+ |y|)−4
Λ˜k log(2+ |yk|)
and the definition of wˆk implies
|wˆk(y)| ≤ log(2+ |y|)
log(2+ |yk|) .
Green’s representation formula for wˆk(yk) gives
±1= wˆk(yk) = wˆk(y)− wˆk(p1)
=
∫
Ωk
(G(yk,η)−G(p1,η))(2hk1(εkη)|η |2eξkwˆk(η)+
O(1)(1+ |η |)−4
Λ˜k log(2+ |yk|)
)dη
+
O(1)
Λ˜k log(2+ |yk|)
.
where we have used wˆk(p1) = 0 and wˆk =C+
O(εk)
Λ˜k log(2+|yk|) on ∂Ωk.
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The estimate of the Green’s function Gk on Ωk is (see [33] for detail)
|G(yk,η)−G(p1,η)| ≤


C(log |η |+ log |yk|), η ∈ Σ1,
C(log |y|+ | log |y−η ||, η ∈ Σ2,
C|y|/|η | η ∈ Σ3.
where
Σ1 = {η ∈Ωk; |η |< |y|/2 }
Σ2 = {η ∈Ωk; |η − y|< |y|/2, }
Σ3 = Ωk \ (Σ1∪Σ2).
If yk → y∗, wˆk converges to a solution of
∆φ +2 lim
k→∞
hk2(0)|y|2eUφ = 0, R2,
with mild growth:
|φ(y)| ≤C log(2+ |y|).
By the non-degeneracy of the linearized equation,
φ(y) = c1
∂U
∂Λ
(y)+ c2
∂U
∂ξ1
(y)+ c3
∂U
∂ξ2
(y).
Using φ(pi) = 0 for i= 1,2,3, we have, by the invertibility of matrix (4.17), c1 =
c2 = c3 = 0, thus φ ≡ 0, a contradiction to wˆk(yk) =±1.
If yk → ∞, the evaluation of wˆk(yk) = o(1) can be obtained by elementary esti-
mates, a contradiction to ±1= wˆk(yk). Thus (4.20) is established. 
Just as in case three, the estimate of ρk2 − 4Npi starts from the neighborhood of
qk: let ρ˜k2 = ρ
k
2
∫
B(qk,τ) h2e
uk2dVg and ε¯k = εk+ e
−λ k1+2λ k2,q , then
2ρ˜k2 =
∫
B(qk,τ)
2ρk2h2e
uk2dVg(4.21)
= 2
∫
Ωk
|y|2hk2(εky)ev
k
2(y)dy+O(ε2k ) where Ωk = B(0,τε
−1
k )
= 2
∫
Ωk
|y|2(hk2(0)+O(εk)|y|))eUk (1+O(ε¯k) log(2+ |y|)dy
= 16pi +O(ε¯k).
From here we further claim that, for N ≥ 3,
(4.22) ρk2 −4piN = O(ε¯k).
Indeed, besides the energy in B(qk,τ), we observe that the total integration of
ρk2h2e
uk2 away from bubbling disks is O(e−λ
k
2 ). The integration around each pl
for l ≥ 3 is O(λ k2 e−λ
k
2 ) by results for single equation. Thus (4.22) holds and (4.5)
in Theorem 4.2 is verified.
Now we discuss the location of blowup points and the comparison of bubble
heights in case two. For convenience of notation we set
SE5 =O(e
−λ k2,q/2)+O(λ k1 e
−λ k1+λ k2,q)+O(e−λ
k
1+2λ
k
2,q) =O(e−λ
k
2,q/2)+O(e−λ
k
1+2λ
k
2,q),
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which is the main error in this section. First we use the Pohozaev identity for
system to determine the location of qk: For ξ ∈ S1,
∑
i
∫
Bτ
∂ξ (logh
k
i )h
k
i e
u˜ki(4.23)
=∑
i
∫
∂Bτ
hki e
u˜ki (ξ ·ν)+ai j∂ν u˜kj∂ξ u˜ki −
1
2
ai j(∇u˜ki ∇u˜
k
j)(ξ ·ν)dS,
where ν is the outer-normal vector on ∂Bτ .
By using the expansion of uk1 and u
k
2 at q
k, we see that
(4.24) ∇ loghk1(0)+2∇ logh
k
2(0) = SE5.
Note that (4.24) is obtained as follows. First for
∫
Bτ
∂ξ (logh
k
1)h
k
1e
u˜k1 we use the
point-wise analysis for u˜k1 inside B(0,Nεk) and Bτ \B(0,Nεk) for N large. Then it
is easy to see that∫
Bτ
∂ξ (logh
k
1)h
k
1e
u˜k1 = 4pi∂ξ (logh
k
1)(0)+O(µ
k
1e
−λ k1 )+O(e−λ
k
1+2λ
k
2,q)
= 4pi∂ξ (logh
k
1)(0)+O(e
−λ k1+2λ k2,q).
The integration of ∂ξ (logh
k
2)h
k
2e
u˜k2 can be evaluated using the O(ε¯k) expansion
of u˜k2: ∫
Bτ
∂ξ (logh
k
2)h
k
2e
u˜k2 = 8pi∂ξ (logh
k
2)(0)+O(ε¯k).
Since ξ is an arbitrary vector in S1, the left hand side of (4.23) is
4pi∂ξ logh
k
1(0)+8pi∂ξh
k
2(0)+SE5.
It is also easy to evaluate the right hand side of (4.23), because, first,
∫
∂Bτ
hki e
uki (ξ ·
ν) = SE5 by the rough estimate of u
k
i on ∂B(q
k,τ). For the two other terms on the
right hand side, we use Green’s representation of u˜ki on Bτ . Since the value of u˜
k
i is
a constant on ∂Bτ , it disappears after differentiation. Then
∇u˜k1(x) = SE5
∇u˜k2(x) =−6
x
|x|2 +SE5.
Using these expressions in the evaluation of the two remaining terms, the right
hand side of the Pohzoaev identity is SE5. Thus (4.24) holds.
To further determine (4.24) we consider N = 2 and N ≥ 3 separately. First for
N = 2, the Green’s representation of uk1 gives
uk1(x) = u¯
k
1+
∫
M
G(x,η)(2ρk1h
k
1e
uk1−ρk2h2eu
k
2)dVg(η),
and by evaluating uk1 away from q
k it is easy to obtain
uk1(x) = u¯
k
1+SE5, x ∈M \B(qk,τ),
SU(3) TODA SYSTEM 35
which gives
∇1ψ
k
1(q
k) = SE5, if N = 2,
∇1ψ
k
1(q
k) = 12pi∇1β (q
k,qk)+SE5, if N ≥ 3.
Thus (4.24) is translated as the following for N = 2:
(4.25) ∇(logh1+2logh2)(q
k)+24pi∇1β (q
k,qk) = SE5.
Next for N ≥ 3 we not only determine the location of qk, but also pkl for l ≥ 3.
Green’s representation of uk2 gives
uk2(x) = u¯
k
2+
∫
M
G(x,η)(2ρk2h2e
uk2−ρk1h1eu
k
1)dVg(η),
where u¯k2 is the average of u
k
2. After using results for single equation we have
uk2(x) = u¯
k
2+
N
∑
s=3
8piG(x, pks )+12piG(x,q
k)+SE5.
By the same method for case one, we see that the locations must satisfy
∇(logh2)(p
k
l )+12pi∇1G(p
k
l ,q
k)+8pi
N
∑
s 6=l,s=3
∇1G(p
k
l , p
k
s)+8pi∇1β (p
k
l , p
k
l )
= SE5.(4.26)
For N ≥ 3 we have a different expression of the expansions of uki around qk:
uk1(x) = u¯
k
1−∑
l≥3
4piG(x, pkl )+O(λ
k
2e
−λ k2 ),
uk2(x) = u¯
k
2+∑
l≥3
8piG(x, pkl )+12piG(x,q
k)+SE5.
So the derivatives of harmonic functions that cancel the oscillation of uki around q
k
are
∇ψk1(q
k) =−4pi ∑
l≥3
∇1G(q
k, pkl )+SE5(4.27)
∇ψk2(q
k) = 12pi∇1β (q
k,qk)+∑
l≥3
8pi∇1G(q
k, pkl )+SE5.
Using (4.27) in (4.24), we have
∇(logh1+2logh2)(q
k)+12pi ∑
l≥3
∇1G(q
k, pkl )+24pi∇1β (q
k,qk)
= SE5.(4.28)
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Finally we compare the magnitudes of uk2 at p
k
l for l ≥ 3. By evaluating uk2(pkl )
using standard estimates for single Liouville equation, we have
−u¯k2 = λ k2,l +
2
h2(p
k
l )
log
hk2(p
k
l )
8
+12piG(pkl ,q
k)+8pi
N
∑
s=3,s 6=l
G(pkl , p
k
s)
+8piβ (pkl , p
k
s)+O(λ
k
2λ
k
2e
−λ k2 /2).
Equating u¯k2 for m 6= l, we arrive at
λ k2,l +2log
h2(p
k
l )
8
+12piG(pkl ,q
k)+8pi
N
∑
s=3,s 6=l
G(pkl , p
k
s)+8piβ (p
k
l , p
k
l )
λ k2,m+2log
h2(p
k
m)
8
+12piG(pkm,q
k)+8pi
N
∑
s=3,s 6=m
G(pkm, p
k
s)+8piβ (p
k
m, p
k
m)
+O(λ k2λ
k
2 e
−λ k2 /2)+SE5.(4.29)
These are about the location of pkl for l ≥ 3.
Proof of Theorem 4.1: The comparison of λ k1 and λ
k
2 , which is λ
k
2,q in this case is
stated in (4.9). The combination of (4.10) and (4.11) leads to (4.3). The difference
between ρk2 and 8pi is implied by (4.21). Finally the location of q
k is established in
(4.25). Theorem 4.1 is established. 
Proof of Theorem 4.2: The relation between λ k1 and λ
k
2 , as well as λ
k
2,q is stated
in (4.9) and (4.14). The estimate of ρk1 −4pi is a combination of (4.10) and (4.12).
The difference between ρk2−4N, stated in (4.5), is verified by (4.22). The locations
of qk and pkl can be found in (4.28) and (4.26). Finally the comparison of local
maximums of uk2 other than q
k is stated in (4.29). Theorem 4.2 is established. 
5. PROOF OF THEOREMS STATED IN THE INTRODUCTION
Proof of Theorem 1.2: This is immediate for ρk1 → 4pi and ρk2 → 4pi . Since the
classification of (σ k1 ,σ
k
2 ) does not allow the bubbling disk of u
k
1 to collide with that
of uk2. Theorem 1.2 is established 
Proof of Theorem 1.1: From the classification of (σ1(q
k),σ2(q
k)) we see that
(2,4) is the only case that bubbling disk collision is possible. Case three and case
two have been discussed. Here we further claim that there is no other case. Here
we put into two cases, if the spherical Harnack inequality around qk holds for uk2,
we prove that case two happens. If the spherical Harnack does not hold we prove
that case three happens. First if the spherical Harnack holds around qk for uk2, it is
not possible to have λ k2,q−λ k1 → ∞, because otherwise the scaling of uk1 according
to its maximum will have singular sources, which will make ρk1 tend to a value
greater than 4pi . If λ k1 = λ
k
2,q+O(1), one sees immediately that this is not possible.
First the bubbling profile in a disk around qk already has λ k1 +2logδk → ∞, where
δk→ 0 in the radius of bubbling disk around qk, in which a profile of global solution
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of uk1 can been seen inside. If λ
k
2,q ≥ λ k1 +O(1) we would have λ k2,q+2logδk →∞,
which is case three instead of case two. Therefore for case two we must have
λ k1 −λ k2,q → ∞. The discussion for case two further gives λ k1 −2λ k2,q → ∞.
For case three, we here remark that it is not possible to have two bubbling disks
of uk2 not in comparable distance to q
k: In other words, it is not possible to have
pk1, p
k
2 both tending to q such that |pk1− qk|/|pk2− qk| → ∞. The reason is if this
happen, using the argument in [27] and [25], there is lk → 0 such that Pohozaev
identity can be evaluated on B(qk, lk) but lk/|pk1− qk| → 0, lk/|pk2− qk| → ∞ and
uk2 and u
k
1 both have fast decay on B(q
k, lk), which means Pohozaev identity gives
(2,2) as a type of concentration of (σ1(q),σ2(q)), which is against the known
classification result for (σ1(q),σ2(q)). Then the further discussions about case two
and case three finished the proof of Theorem 1.1. 
Proof of Theorem 1.3: First from (4.3) in Theorem 4.1 we see that case two does
not occur. In order to rule out case three, we observe from the expansion of ρk1−4pi
that the only way that ρk1 < 4pi is when δ
−4+ε
k is less than λ
k
1 . Then, in view of
(1.7), it is enough to see e−λ
k
2 = o(δ−12k ). If this happens, we see immediately that
∇(logh1+2logh2)(q)+24pi∇1β (q,q) = 0.
Thus if this function is never zero case three cannot happen either. Theorem 1.3 is
established. 
Proof of Theorem 1.4: First we observe that case two does not occur, since λ k1 is
not greater than 2λ k2 . Next we need to rule out case three. The assumption λ
k
1 and
λ k1 implies that µ
k
2 > c logδ
−1
k for some c > 0. Thus the dk terms can be removed
from all related estimates. The fact that λ k2 >
3+ε
4
λ k1 implies that O(δ
−1
k E)→ 0 as
k→ ∞. Thus at qk we have
∇(logh1+2logh2)(q
k)+24pi∇1β (q
k,qk) = o(1),
a violation of the assumption that ∇(logh1+2logh2)+24pi∇1β (·, ·) is never zero.
Theorem 1.4 is established. 
6. APPENDIX
In this appendix, we explain how to choose p1, p2, p3 to make the following
matrix invertible:
M =


∂U
∂Λ (p1)
∂U
∂Λ (p2)
∂U
∂Λ (p3)
∂U
∂ξ1
(p1)
∂U
∂ξ1
(p2)
∂U
∂ξ1
(p3)
∂U
∂ξ2
(p1)
∂U
∂ξ2
(p2)
∂U
∂ξ2
(p3)


whereU is a global solution of
∆U + |y|2eU = 0, in R2,
∫
R2
eU < ∞,
with the expression z= y1+
√−1y2
U(z) = log
Λ
(1+ Λ
32
|z2−ξ |2)2 , ξ ∈ C.
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The invertibility of M is crucial to approximate a bubbling solutions by a se-
quence of global solutions. Since the global solution has no symmetry, most of
the traditional methods fail miserably. By adjusting parameters of global solutions
infinitesimally we can make global solutions and bubbling solutions agree on three
points (for SU(3) Toda system) so that sharp estimates can be deduced from non-
degeneracy results proved by Lin-Wei-Ye[28]. In this appendix we employ the
ideas in [26] to SU(3), which may help readers understand better the more general
situations discussed in that article.
Direct computation shows
∂U
∂Λ
=
1
Λ
− 1
16
|z2−ξ |2
1+ Λ
32
|z2−ξ |2 ,
∂U
∂ξ
=
Λ
16
z¯2− ξ¯
1+ Λ
32
|z2−ξ |2 ,
∂U
∂ ξ¯
=
Λ
16
z2−ξ
1+ Λ
32
|z2−ξ |2 ,
Obviously M is invertible if and only if the following matrix is invertible:
M1 =


∂U
∂Λ (p1)
∂U
∂Λ (p2)
∂U
∂Λ (p3)
∂U
∂ξ (p1)
∂U
∂ξ (p2)
∂U
∂ξ (p3)
∂U
∂ ξ¯
(p1)
∂U
∂ ξ¯
(p2)
∂U
∂ ξ¯
(p3)


we choose pl to be
pl = s
1+ε le
√−1θl , l = 1,2,3
where s ≥≥ 1 ≥≥ ε > 0 are constants to be determined later. Using crude expan-
sion, we can write M1 as
 1Λ +O(s−2−2ε) 1Λ +O(s−2−4ε) 1Λ +O(s−2−6ε)Λ
16
s−2−2εe−2iθ1 +O(s−4−4ε) Λ
16
s−2−4εe−2iθ2 +O(s−4−8ε) Λ
16
s−2−6εe−2iθ3 +O(s−4−12ε)
Λ
16
s−2−2εe2iθ1 +O(s−4−4ε) Λ
16
s−2−4εe2iθ2 +O(s−4−8ε) Λ
16
s−2−6εe2iθ3 +O(s−4−12ε)


Multiplying the first row by Λ, the second row and the third row by 16Λ s
2+6ε , we
change M1 to
 1+O(s−2−2ε) 1+O(s−2−4ε) 1+O(s−2−6ε)s4εe−2iθ1 +O(s−2+2ε) s2εe−2iθ2 +O(s−2−2ε) e−2iθ3 +O(s−2−6ε)
s4εe2iθ1 +O(s−2+2ε) s2εe2iθ2 +O(s−2−2ε) e2iθ3 +O(s−2−6ε)


By choosing s >> 1 and 0 < ε << 1 it is easy to see that the determinant of the
matrix above is not zero if any only if the following matrix is non-zero:
M2 :=

 1 1 1s4εe−2iθ1 s2εe−2iθ2 e−2iθ3
s4εe2iθ1 s2εe2iθ2 e2iθ3


The determinant of M2 is 2isin(2(θ2−θ1))s6ε +O(s4ε). Thus by choosing s large,
ε small and θ1,θ2 appropriately we can make M2, as well asM, invertible.
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